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Satellite Collision Probability Enhancements

Salvatore Alfano*
Center for Space Standards and Innovation, Colorado Springs, Colorado 80920-6522

This work refines collision probability calculations for rectangular object shapes of unknown orientation and
compares those results to their representations as spheres. Conjunction probability analysis for spherical objects
exhibiting near-linear relative motion is accomplished by combining covariances and physical object dimensions
at the point of closest approach. The resulting covariance ellipsoid and hardbody can then be projected onto the
plane perpendicular to relative velocity. Collision potential is determined from the object’s physical footprint on the
projected, two-dimensional, probability density space. In the absence of object attitude information, a footprint that
completely defines the region where the two objects might touch must be created. This footprint can then be rotated
to determine the orientation that produces the largest probability making it the most conservative estimate for the
given conjunction conditions. A further enhancement is presented to address the maximum possible probability for
a given miss distance while also assessing the sufficiency of the orbital data to meaningfully support the calculations.

Nomenclature

AR = aspect ratio of major-to-minor projected covariance
ellipse axes

Cp_, = correspondence of the low, relative probability value

dist = distance of closest approach

ht = individual object height

It = individual object length

OBJ combined object radius

P = two-dimensional collision probability

Prnax maximum collision probability

T = half-length of primary’s largest dimension of
projected rectangle

rip = half-width dimension perpendicular to half-length r1

2 = half-length of secondary’s largest dimension of
projected rectangle

2p = half-width dimension perpendicular to half-length r2

w = combined object width factor

wt = individual object width

X = major axis direction

Xim x component of projected miss distance

y = minor axis direction

Vi y component of projected miss distance

o = orientation angle of distance vector

0 = orientation angle of projected object
o major axis standard deviation for combined covariance
oy minor axis standard deviation for combined covariance
0y0 = zero-order minor axis standard deviation
approximation
Introduction

HERE is a growing body of work that addresses collision

probability computations for neighboring space objects' ™
and some literature that examines the associated accuracy
requirements.'>!* Typically, a determination is made when a sec-
ondary object transgresses a user-defined safety zone. The uncertain-
ties associated with position are represented by three-dimensional
Gaussian probability densities. At a given time, these densities take
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the form of covariance matrices and can be obtained from the owner-
operators or independent surveillance sources such as the U.S. Space
Object Catalog (Special Perturbations). Typically, positions and co-
variances are propagated to the time of closest approach, relative
motion is assumed nearly linear,'? and the positional covariances
are assumed constant and uncorrelated for the encounter. Visually,
the encounter region looks like a straight tube (collision tube) in
three-dimensional space. For complex space structures, where the
cross-section dimensions are small compared to the standard de-
viations or miss distance, Chan has developed an approximation
technique known as the method of equivalent cross-section areas.®

Space object collision avoidance is usually conducted with the
objects modeled as spheres. The combined covariance size, shape,
and orientation are coupled with physical object sizes to determine
collision potential. At the point of closest approach, each object’s
positional uncertainty is combined, and their radii summed. For
linear relative motion, the resultant is projected onto a plane per-
pendicular to the relative velocity where the collision probability is
calculated.’ The projection reduces the probability formulation to
a double integral that can be further simplified to a single integral
through use of error functions.

The accuracy of positional covariance matrices resulting from
least-squares orbit determination of sparse data is questionable. Co-
variance matrices formed in this manner often provide overly opti-
mistic results. Foster and Frisbee'” note “The primary problem with
state error covariances determined from observations of objects in
Earth orbit is that they are not truly reflective of the uncertainties in
the dynamic environment.” To address this concern, they devised a
method to scale covariances provided to NASA by Air Force Space
Command. This paper circumvents the inaccuracy of covariance
matrices by determining the maximum probability for an encounter.
Because all operational decisions are ultimately made with respect
to the amount of acceptable risk, the goal is to shift the decisional
comparison from a fixed positional threshold to the probability of the
objects coming within a certain threshold. This is already done with
the International Space Station and Space Transportation System,
in which avoidance maneuvers are initiated if the collision probabil-
ity exceeds an acceptable risk threshold. For a specified covariance
aspect ratio, the maximum probability method guarantees an upper
bound that will not be exceeded regardless of satellite positional
uncertainty. The focus of this paper is to determine the maximum
probability by examining the mean distance and the orientations of
the physical satellites. If the maximum probability approach results
in excessive maneuvers or unacceptable reductions in mission op-
portunity, then the true probability should be assessed if the data are
deemed sufficiently accurate to support the calculation.

The first portion of this paper examines the computations for rect-
angular objects. Physical satellite dimensions can be obtained by
owner/operators or assessed through observation. The subsequent
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collision probability calculations can then be refined using knowl-
edge of the rectangular object shapes and their orientations. The
noncircular footprint is integrated over the projected covariance.
The attitude must be considered because it changes the region of
integration (footprint). Ideally, the attitude of each object should be
known to accurately assess probability. For the more typical case
where object orientation(s) are not known, this work shows how to
create a footprint that completely defines the region where the two
objects might touch. The relative position vector defines the foot-
print center; the footprint can then be rotated to determine the object
orientation that produces the largest (most conservative) collision
probability for the encounter holding all other parameters fixed.

This second portion of this paper builds on the first by showing
how to determine the maximum collision probability. For a set of
physical object dimensions, the covariance size and orientation are
optimized while orienting the combined object footprint relative
to the combined error ellipse. This method assumes the combined
covariance shape is valid, but makes no assumption regarding the
covariance size or orientation. The maximum collision probability
establishes an upper bound associated with such scaling. An added
benefit of this method is the ability to associate probability with
risk. If the combined covariance size that maximizes probability is
larger than the one used to assess true probability, the assessment
can be associated with risk. If not, then more accurate positional
data should be obtained.

Brief Review of Simplified Collision
Probability Formulation

Numerous assumptions are made when computing collision prob-
ability for spherical objects with near-linear relative motion.!' The
relative motion is presumed essentially linear and the positional co-
variances of the two objects are considered independent and static
over the conjunction time span of several seconds or less. The vol-
ume swept out by the secondary object becomes a cylinder extending
along the relative velocity axis. The cylinder is of sufficient length
to span tens of standard deviations, essentially making the one-
dimensional probability unity along this axis. The relative velocity
axis is associated with the time of the conjunction; a probability
of one simply means the conjunction will take place. This axis can
therefore be eliminated from consideration because the closest ap-
proach point occurs perpendicular to it. The hard-body radii are
summed to form a combined object radius (OBJ), and the positional
covariances are also summed. At the time of closest approach, a
projection is done onto the plane perpendicular to relative velocity
(often called the collision plane), thereby reducing the dimensional
complexity from three to two. For convenience, the axes of the col-
lision plane can be aligned to correspond with the major and minor
axes of the projected, combined, error ellipse. The ellipse is formed
from the summation, dimensional reduction, and rotation of the po-
sitional covariances. The standard deviations are represented as o,
(major axis) and o, (minor axis). The projected relative position
(Xm» Ym) in this two-dimensional space is then used to compute the
cumulative collision probability P of collision from the equation:
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The aspect ratio AR is introduced as a multiple of the o, (AR >1)
such that
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For the formulation that follows, Eq. (2) is rewritten as
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Formulation for Collision Probability with Unknown
Orientation and Linear Relative Motion

A two-dimensional rectangle can be formed from the three-
dimensional hard-body object dimensions of height iz, width wd,
and length /7 such that all possible combinations of projection and
attitude are completely captured. For the following analysis the di-
mensions are ordered so that [t > wd > ht. The all-encompassing
rectangle has the dimensions shown in Fig. 1.

One-half of the diagonal for the rectangular solid object is denoted
as ry.

= /() + (wdy) + (h1))2 2 )

From geometrical considerations, the greatest half-width r;, per-
pendicular to r, is

rip =1t -/1 =1t /2 -r)]? ®)

Similarly, the half-length », of the secondary object’s largest pro-
jected rectangle dimension is

=V (I0)? + (wd)? + (h1r)? )2 6)

and the half-width r,, perpendicular to r; is

ryp =1t /1= [l/(2- 1) @)

The combined object radius OB/ is defined as
OBJ =ri+nr, 8)

and the width factor w is

w = mm(rl],—i—rz,rl +V2p) (9)
OBJ

Figure 2 shows the overlay of the projected rectangle on the pro-
jected circle. The combined object must be contained in both spaces,
meaning the shaded areas can be eliminated.

Because the orientation of the resulting projection is unknown,
it must now be rotated through an angle 6 measured from the
combined-covariance ellipse major axis. This is done to produce
the largest collision probability for the given location (x,,, y,,) and
associated, combined-covariance standard deviations (o,, 0y) in the
projected frame. As a function of 6, the probability equation takes

diagonal (2 * 11)

length

Fig. 1 Primary object projection geometry.
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Fig. 2 Superposition of pro-
jected rectangle and circle.
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Equation (10) differs from Eq. (3) in two areas. The limits of y
integration now reflect the rectangular nature of the objects. Also,
the exponential expression is more complex because the combined
object footprint reflected in Fig. 2, unlike the circle, is not universally
symmetric.

Formulation for Maximum Collision Probability with
Unknown Orientation and Linear Relative Motion

This formulation determines the worst-case conjunction scenario
by finding the combined Gaussian error probability density function
that maximizes collision probability. Small changes in the combined
covariance can result in significant changes in the probability. In the
absence of additional (more accurate) data or refinements in orbit

Comhined Errar Ellipsoid

Hardbody Projection \ :

T T T T T

Fig. 3 Relationship of angles o and 6 to major axis after projection
onto notional collision plane.

of the combined covariance ellipse (@ equals zero) coincident with
the object’s probability mass symmetrically distributed about the
major axis (6 equals zero). It can readily be shown that under these
conditions the first derivative with respect to each angle is zero
and their second derivatives are negative. The maximum collision
probability for a given covariance size o, and shape AR is therefore
simplified to

OBJ? Vier -1
Pmax = exp
2.7-R-(0,)?
dist +x - OBJ\" oBJ\’
[( ) +<y )]}dxxdy (12)
MR -0y oy

With 6 qualing zero to optimize the object orientation and o
equaling zero to optimize the relative distance direction, the final
step determines the size of the projected covariance that maximizes
Eq. (12). The derivative of Eq. (12) is taken with respect to o, and
the resulting exponential function in the integrand approximated to
zeroth order. The resulting double integral is set equal to zero to
determine the value of o, which maximizes the probability. This
zero-order approximation o, becomes

Oy =

2R

determination, it is assumed that the general shape of the projected
covariance ellipse is correct although its size and orientation might
not be. A new angle « is introduced to define the orientation of the
distance vector with respect to the covariance ellipse major axis.
For a fixed miss distance, combined object size, and width factor,
the projected covariance size and relative orientation are varied to
produce the maximum collision probability while the covariance as-
pect ratio is held fixed. This is different from the preceding section,
where the largest probability was found by varying 6 while hold-
ing the covariance size o, and orientation « fixed. The angle o is
illustrated in Fig. 3 along with the orientation angle of the projected
object 8 as measured from the ellipse’s major axis.
The probability equation as a function of «, and 6 becomes
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x AR -0,
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The maximum collision probability occurs at the closest approach
point when the relative position vector is aligned with the major axis

oBJ [[1-3-R)-w-V1-w)]
3. [w ca/1—w? —I—arcsin(w)]

2 . 2
I

The value of the preceding expression can be used in Eq. (12) to
initialize o'y. Iteration on oy is then performed to find the maximum
collision probability within the bounds of user tolerance.

If the combined object footprint contains the covariance ellipsoid
center (dist < OBJ), the maximum probability approaches one as
the standard deviation along the minor axis nears zero. This is the
limiting case and must be independently addressed. The method
described in this section only applies when the combined object
does not encompass the covariance center (dist > OBJ). Given the
combined object radius, width factor, and distance from center, the
minor axis size can be determined by maximizing the preceding
probability expression with respect to o,. Once determined, the
worst-case collision probability is calculated.

The minor axis size that produces the maximum probability can
also be used to determine if the positional data are sufficiently ac-
curate to yield a meaningful collision probability assessment.'* If
it is larger than that of the original combined covariance, the true
probability assessment can be associated with risk. If not, then more
accurate positional data should be obtained, and both the true and
maximum probability analysis redone.

Numerical Testing for Near-Linear Relative Motion

Approximately 500,000 test cases were used to evaluate the pre-
ceding probability expressions. These cases had all parameters nor-
malized to the minor axis standard deviation. The object size varied
from 1073 to 1073, the miss distance varied from 10~ to 10*3 with
position ranging from 0 to 90 deg relative to the major axis (o), and
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the aspect ratio varied from 1 to 50. Additionally, the object’s ori-
entation angle 6 was varied from 0 to 180 deg relative to the major
axis with the width factor ranging from 0.01 to 0.99. To understand
the benefits of treating objects as rectangles, all results are given
as a percentage of the collision probability for spherical objects. In
the representative plots that follow, a solid line with diamonds in-
dicates the mean relative probability, a dashed line with x symbols
represents the maximum relative probability, and a dotted line with
circles represents the minimum relative probability. All computa-
tions were done using MATHCAD 11 set to the highest tolerance
(10~'") that would still allow convergence of the integrals.

Figures 4 and 5 show the characteristic behavior of the collision
probability function with respect to the width factor. The correspon-
dence of the mean relative probability to the width factor is not one to
one; halving the width factor does not produce half the probability.
When the combined object radius is less than the relative distance,
the mean and minimum values are somewhat close in value as re-
flected in Fig. 4. The rectangular-to-spherical correspondence Cp_,
of the lowest relative probability values (represented by dotted line
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Fig. 4 Relative probability (OBJ <dist).
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Fig. 5 Relative probability (OBJ 2 dist).
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Fig. 6 Relative probability approximation comparison (OBJ <dist).

with circles) can be approximated by

Crao = {2 [w-V1—w?+arcsinw)]|} /x (14

The preceding equation is a simple indicator of what improvement
can be reasonably expected when using a rectangular shape instead
of a spherical one. The comparisons of the approximation to mean
and minimum, relative probability values, are shown in Fig. 6. Only
two lines appear in the figure because the approximation (repre-
sented by plus signs) is very close to the minimum (represented by
circles).

The maximum collision probability expression was evaluated in
a similar manner. The object radius was smaller than or equal to
the miss distance, and no limit was set on the standard deviation.
The object’s orientation angle 6 and relative distance angle o were
fixed at zero with all other parameters varied as already mentioned.
As before, all results are given as a percentage of the maximum
collision probability for spherical objects. The legend description for
the following figure also remains the same as does the MATHCAD
11 convergence tolerance.

Figures 7-10 show the characteristic behavior of the maximum
collision probability function with respect to the width factor and
aspect ratio. The standard deviation that produces the maximum
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Fig. 7 Relative max probability (AR =1).
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Fig. 8 Relative max probability (AR =5).
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Fig. 9 Relative max probability (AR =10).
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Fig. 10 Relative max probability (AR =50).
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Fig. 11 Width factor histogram.

probability decreases as the width factor decreases. If the stan-
dard deviation is unconstrained and the object radius approaches
the miss distance in value, the probability density becomes more
concentrated near the origin. This has a two-fold effect as seen in
the figures. The most obvious effect is that the greatest relative max-
imum probability (dashed line with x symbols) approaches 100%
rapidly. The second effect is that the mean relative values (solid line
with diamonds) also tend to be greater as the aspect ratio grows.

It is beneficial to get a sense of the width factor’s variabil-
ity. Every day that new NORAD two-line element sets are pub-
licly released, a maximum conjunction probability report is gen-
erated and posted as a free advisory service at the website
http://celestrak.com/SOCRATES/. The 29 June 2004 data were used
to determine all object pairings of primaries (2627) with secondaries
(8411) within 10 km for a seven-day span. The width factor for each
of the resulting 26,752 pairs was then computed and binned to pro-
duce the histogram in Fig. 11, which clearly indicates the variability.

Summary

Conservative expressions were derived for the true and maxi-
mum conjunction probabilities of rectangular objects in the absence
of attitude information. These expressions are important given the
questionable accuracy of covariance matrices as of this writing. As
expected, probability decreased when the rectangular nature was

incorporated as opposed to assuming spherical satellite shapes. By
simply examining the minor axis before and after maximum prob-
ability computations, one can determine if the positional data are
sufficiently accurate to yield a meaningful collision probability as-
sessment or if better data are needed. The results were based on the
assumption that the encounter was of short duration (no more than
several seconds) and that the data were Gaussian and representative
of positional distribution at the time of closest approach. An approx-
imation to mean probability relative to that of a spherical object was
also given. A width-factor histogram for a single run of Satellite
Orbital Conjunction Reports Assessing Threatening Encounters in
Space (SOCRATES) was provided to give the reader a snapshot of
variability. These methods can be used in cascading filters to de-
termine if the risk of collision is sufficiently low to dismiss further
computations.
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